Hesitant fuzzy set is a very useful technique in the situations where there are some difficulties in determining the membership of an element to a set. Some aggregation methods have been developed for hesitant fuzzy information. Current aggregation methods are under the assumption that the criteria are at the same priority level. However, in real decision making problems, criteria have different priority level commonly. In this paper, we investigated multi-criteria group decision making problems where a prioritization relationship existed over the criteria under hesitant fuzzy environment. Firstly, we propose the hesitant fuzzy prioritized weighted average (HFPWA) and the hesitant fuzzy prioritized weighted geometric (HFPWG) operators. Then, some of their desirable properties are studied in detail. Furthermore, the procedure of multi-criteria group decision making based on the proposed operators is given under hesitant fuzzy environment. Finally, a practical example about talent introduction is provided to illustrate the developed method.
INTRODUCTION
The fuzzy set (FS) theory introduced by Zadeh (1965) is a powerful technique to depict the uncertainty of the world. Based on the FS theory, many results have been made by scholars (Gil-Aluja, 1996; Gil-Aluja, 1998; GilAluja, 1999; Gil-Aluja, 2003; Gil-Aluja and Gil-Lafuente, 2007; Gil-Aluja et al., 2009; Gil-Aluja et al., 2011; Kaufmann, 1975; Kaufmann, 1983; Kaufmann and GilAluja, 1986; Kaufmann and Gil-Aluja, 1991; Merigó and Gil-Lafuente, 2008) .
In order to better understand the uncertainty of the objective world and thus being able to explain it, the FS theory has been extended to many other forms. Such as interval-valued fuzzy set (Zadeh, 1975) , type-2 fuzzy set (Dubois and Prade, 1980; Miyamoto, 2005) , type-n fuzzy set (Dubois and Prade, 1980) , fuzzy multiset (Yager, 1986; Miyamoto, 2000) and intutionistic fuzzy set (Atanassov, 1986) . However, when defining the membership degree of an element to a set, the difficulty of establishing the membership degree is not because we have a margin of error, or some possibility distribution on the possible values, but because we have a set of possible values (Torra, 2010) . The above generalization forms of FS cannot express this kind of uncertainty effectively. To deal with this situation, Torra and Narukawa (2009) and Torra (2010) proposed another generalization form of FS, which is called the hesitant fuzzy set (HFS). The characteristic of HFS is that it allows membership degree having a set of possible values. For example, three ladies are to estimate the degrees that a gentleman satisfies the criterion of handsome. The first lady provide aggregation operators for hesitant fuzzy information and discussed the relationship between intuitionistic fuzzy set and hesitant fuzzy set. But the aggregation operators for hesitant fuzzy information are assuming that the criteria are at the same priority level . However, in many real decisions making problems, this kind of compensation between criteria is not feasible. Consider the situation in which editor in chief is making a decision based on consideration of innovation and expression for a manuscript. He should not allow a benefit with respect to expression of the manuscript to compensate for a loss in innovation. This is a typical kind of prioritization of the criteria that is, innovation has a higher priority than expression. Yager (2008) , Yager (2009) and Yager et al. (2011) have paid attention on this issue. In this paper, we research on the aggregation method for hesitant fuzzy information which has prioritization relationships between the criteria.
Some basic concepts
As a generalization of FS, HFS is characterized by the membership degree of an element to a set presented as several possible values between 0 and 1, so it is more powerful to deal with hesitancy and uncertainty in real applications than Zadeh's FS. Torra and Narukawa (2009) and Torra (2010) first proposed the concept of hesitant fuzzy set (HFS). Definition 1. (Torra and Narukawa, 2009; Torra, 2010) let X be a fixed set, a HFS on X is in terms of a function that when applied to X , returns a subset of [0,1] which ... 
Hesitant fuzzy prioritized operators
When defining the membership degree of an element to a set, the difficulty of establishing the membership degree is not because we have a margin of error (as in intuitionistic fuzzy set or interval-valued fuzzy set), or some possibility distribution (as in type-2 fuzzy set) on the possible values, but because we have a set of possible values (Torra, 2010) . HFS is a powerful technique to deal with this situation. In this section, we shall investigate the information aggregation operators which consider that there are prioritization relationships between criteria under hesitant fuzzy environment. Based on Definition 4, we give the definition of the HFPWA as follows:
) be a collection of HFEs and let HFPWA: 
We have
That is, for 2 n = , the Equation 5 holds. Suppose n k = , the Equation 5 holds. That is,
then, when 1 nk =+ , by the operational laws described in Definition 2, we have,
That is Equation 5 
Proof. By Theorem 1, we have
which completes the proof of Theorem 2.
) be a collection of the largest HFEs, that is,
which is also the largest HFE.
Proof. Similar to the proof of Theorem 2, we can get Corollary 1 easily.
which is also the smallest HFE.
Proof. Since 1
, then by the Definition 3, we have,
By Definition 5, we have
Corollary 2 indicates that when the satisfaction to the criteria which owns the highest priority is the smallest HFE, we cannot get any compensation from other criteria even if they are satisfied.
HFEs, where 
According to Theorem 1, we have 
Proof. According to the operational laws of Definition 2, we have
According to Theorem 1, we have
HFPWA 12 ( , , , ) 
Thus,
Based on the HFPWA operator and the geometric mean, here we define an HFPWG operator:
) be a collection of HFEs, and let HFPWG: 
Proof. The prove of Theorem 9 is similar to Theorem 3.
) be a collection of HFEs,
Proof. The prove of Theorem 10 is similar to Theorem 4. According to Theorems 9 and 10, we can get Theorem 11 easily.
) and
) be two collections of HFEs,
Proof. The prove of Theorem 12 is similar to Theorem 6. In order to investigate the relationship between the HFPWA and HFPWG operators, we introduce the following Lemma. Based on the above analysis, the main step of the multicriteria group decision making method are as follows:
Step 1 
Step 3 , ,..., Step 4. Rank all the alternatives by the score function defined by Definition 3. Step 3363,0.3588,0.3485,0.3705,0.3638,0.3853,0.3870,0.4077,0.3982, 0.4186,0.4124,0.4323,0.4561,0.4745,0.4660,0.4841,0.4786,0.4963, 0.4976,0.5146,0.5068,0.5235,0.5184,0.5347,0.5233,0.5395 
CONCLUDING REMARKS
In this paper, we have studied the hesitant fuzzy information aggregation problems where there is a prioritization relationship over the criteria, and have proposed the hesitant fuzzy prioritized weighted average operator and the hesitant fuzzy prioritized weighted geometric operator on the basis of the idea of prioritized average. The significant feature of the proposed operators is that they consider prioritization among the criteria. Some of their desirable properties are investigated in detail. Then, we have applied our operators to develop a method of multi-criteria group decision making under hesitant fuzzy environment. Finally, an example is given to illustrate the given method. The proposed multi-criteria group decision making method considers prioritization relationship among these criteria, which allows our method to have more wide practical application potentials.
